Abstract. Let d > 1 be an integer, q = (q ij ) d×d be a d × d complex matrix satisfying q ii = 1, q ij = q −1 ji with all q ij being roots of unity. Let C q be the rational quantum torus algebra associated to q, and Der(C q ) its derivation Lie algebra. In this paper, we give a complete classification of irreducible bounded weight modules over Der(C q ). They turn out to be irreducible sub-quotients of Der(C q )-module V α (V, W ) for a finite dimensional irreducible gl dmodule V , a finite dimensional Γ-graded-irreducible gl N -module W , and α ∈ C d .
Introduction
Let d > 1 be an integer, q = (q ij ) d×d be a d × d complex matrix satisfying q ii = 1, q ij = q −1 ji with all q ij being roots of unity. In the present paper, we consider the rational quantum torus algebra C q associated to q, and its derivation algebra Der(C q ). The algebra C q is an important algebra, since it is the coordinate algebra of a large class of extended affine Lie algebras (See [BGK] ) and shows up in the theory of noncommutative geometry (See [BVF] ). When all q ij = 1, the algebra Der(C q ) is the classical Witt algebra W d , i.e., the derivation algebra of the Laurent polynomial algebra A = C[x [RSS] , which is also known as the Lie algebra of vector fields on a d-dimensional torus.
The representation theory of Witt algebras was studied by many mathematicians and physicists for the last couple of decades, see [B, E1, E2, GLZ, L3, L4, L5, MZ, Z1, Z2] . In 1986, Shen defined a class of modules F α b (V ) = V ⊗ A over the Witt algebra W d for α ∈ C d and an irreducible module V over the general linear Lie algebra gl d on which the identity matrix acts as multiplication by a complex number b, see [Sh] , which were also given by Larsson in 1992, see [L3] . In 1996, Eswara Rao [E1] determined necessary and sufficient conditions for these modules to be irreducible when V is finite dimensional, see [GZ] for a simplified proof. When V is infinite dimensional, F α b (V ) is always irreducible, see [LZ2] .
Very recently Billig and Futorny [BF2] gave a complete classification of all irreducible weight modules over W d with finite dimensional weight spaces. Based on [MZ, Theorem 3 .1] they actually showed that any irreducible bounded weight modules over W d is isomorphic to some irreducible subquotient of F α b (V ). To achieve this result, they introduced a powerful technique: any bounded weight [E2, B] , they classified all irreducible bounded weight modules over W d .
Lin and Tan defined in [LT] a class of uniformly bounded irreducible weight modules over Der(C q ), which generalized the construction given by Shen. These modules were clearly characterized in [LZ3] . But these modules can not exhaust all simple bounded weight modules over Der(C q ), since a bigger class of simple modules V α (V, W ) were constructed in [LZ1] , which further generalized Shen's modules. See (2.5). Moreover we showed in [LZ1] that any irreducible ZD-weight module (similar to the notion of AW d -modules, see Definition 2.2) with finite dimensional weight spaces is isomorphic to some V α (V, W ) for a finite dimensional irreducible gl d -module V , a finite dimensional Γ-graded-irreducible gl N -module W , and α ∈ C d , where Z := Z(C q ) is the center of C q and D := Der(C q ).
In the present paper, we consider irreducible bounded weight Der(C q )-modules. For an irreducible bounded weight Der(C q )-module M, we construct a ZD-module M which is called the ZD-cover of M. The ideal of the ZD-cover stems from [BF2] . Here the ZD-cover M is different from the
longer a ZD-module in our case. Now we define the ZD-cover M as a ZD-quotient module of C ′ q ⊗ M, see Definition 3.4. Using this technique, we prove that any irreducible bounded Der(C q )-weight module is isomorphic to some irreducible sub-quotient of V α (V, W ) for a finite dimensional irreducible gl d -module V , a finite dimensional Γ-gradedirreducible gl N -module W , and α ∈ C d . See Theorem 2.5. Throughout this paper we denote by Z, Z + , N, Q and C the sets of all integers, nonnegative integers, positive integers, rational numbers and complex numbers, respectively. We use E ij to denote the matrix with a 1 in the (i, j) position and zeros elsewhere.
Notation and the main result
In this section we will collect notation and related results, then state our main theorem.
We fix a positive integer d > 1. Denote vector space of d×1 matrices by C d . Denote its standard basis by {e 1 , e 2 , ..., e d }. Let ( · | · ) be the standard symmetric bilinear form such that (u|v) = u T v ∈ C, where u T is the matrix transpose of u.
ji , where q ij are roots of unity for all 1 i, j d. We will call such a matrix q rational.
Definition 2.1. The rational quantum torus C q is the unital associative algebra over C generated by t ±1 1 , . . . , t
±1
d and subject to the defining relations
, we define the functions σ(n, m) and f (n, m) by
It is well-known that
and f (n, m) = σ(n, m)σ(m, n) −1 , see [BGK] . We also define
Clearly, the center Z(C q ) of C q is spanned by t r for r ∈ Rad(f ). From the results in [N] , up to an isomorphism of C q , we may assume that q 2i,2i−1 = q i , q 2i−1,2i = q −1 i , for 1 i z, and other entries of q are all 1, where z ∈ N with 2z d and with the orders k i of q i , 1 i z as roots of unity satisfy k i+1 |k i , 1 i < z. For an integer l ∈ {1, . . . , d}, let
Then {ξ 1 , . . . , ξ d } is a Z-basis of the subgroup Rad(f ). Throughout the present paper, we assume that q is of the above simple form. Then we see that σ(r, n) = σ(n, r) = 1 (i.e., t n t r = t n+r ) for all r ∈ Rad(f ) and n ∈ Z d . In this case, we know that
. Let Der(C q ) be the derivation Lie algebra of C q . Let Der(C q ) n be the set of homogeneous elements of Der(C q ) with degree n ∈ Z d . Then from Lemma 2.48 in [BGK] , we have
where ∂ i is the degree derivation defined by ∂ i (t n ) = n i t n for any n ∈ Z d . We will simply denote ad(t n ) in Der(C q ) by t n for n ∈ Rad(f ).
, and we have used that σ(r, s) = σ(r, r ′ ) = 1. We can see that h := span{D(u, 0) | u ∈ C d } is the Cartan subalgebra (the maximal toral subalgebra) of Der(C q ). Moreover the subalgebra of Der(C q ) spanned by {t
which is indeed isomorphic to the classical Witt algebra. Note that the algebra Der(C q ) has a nature structure of Z(C q )-module, i.e.,
where r, r
called a weight module provided that the action of h on V is diagonalizable. For any weight module V we have the weight space decomposition
where h * = Hom C (h, C) and
The space V λ is called the weight space corresponding to the weight λ.
If there is an integer k ∈ N such that dim C V λ < k for all λ ∈ h * , the weight module V is called a bounded weight module. The following notion is important to our later arguments. Definition 2.2. A ZD-module V is a module both for the Lie algebra Der(C q ) and the commutative associative algebra Z(C q ), with these two structures being compatible:
Clearly C ′ q is a ZD-module under the adjoint action of Der(C q ) and the action of Z(C q ) defined as follows:
In [LZ1] , a class of ZD-modules was constructed. Next, we will recall these modules. First, we recall the twisted loop algebra realization of C q .
Let I = span{t n+r − t n | n ∈ Z d , r ∈ Rad(f )} which is an ideal of the associative algebra C q . Then from [N] and [Z2] we know that
, is generated by X 2i−1 , X 2i with
gl k i as associative algebras, gl N is spanned by X n , n ∈ Z d and X r equals to the identity matrix E in gl N for each r ∈ Rad(f ).
Lemma 2.3. (See [ABFP] ) As associative algebras,
where the right hand side is a Z d -graded subalgebra of gl N ⊗ A.
Clearly, gl N is a Γ-graded Lie algebra with the gradation
where (gl N )n = CX n . A module W over the Lie algebra gl N is called a Γ-graded gl Nmodule if W has a subspace decomposition W = n∈Γ Wn such that (gl N )mWn ⊂ Wm +n for all m, n ∈ Z d . A Γ-graded gl N -module W is Γ-graded-irreducible if it has no nonzero proper Γ-graded submodules. We remark that all finite dimensional Γ-graded gl N -modules were classified in [EK] .
For any irreducible finite dimensional gl d -module V , any Γ-gradedirreducible gl N -module W = n∈Γ Wn with identity action of identity matrix E in gl N , and any α ∈ C d , let
Then V α (V, W ) becomes a ZD-module if we define the following actions
where u ∈ C d , v ∈ V , wn ∈ Wn and r ∈ Rad(f ), s ∈ Z d , X s ∈ gl N . In [LZ1] , all irreducible ZD-modules with finite dimensional weight spaces are proved to be of the form V α (V, W ). Restricted on Der(C q ), V α (V, W ) is not necessarily irreducible. The following result easily follows from [E1] and [GZ] , which gives all irreducible subquotients of the Der(C q )-module V α (V, W ).
Lemma 2.4. The Der(C q )-module V α (V, W ) is reducible if and only if dim W = 1 and one of the following holds (a). the highest weight of V is the fundament weight ω k of sl d and
We can easily see that when the Der(C q )-module V α (V, W ) is reducible it has a unique nonzero proper submodule.
In the present paper, we will reduce the classification irreducible uniformly bounded modules over Der(C q ) to the classification of irreducible ZD-modules, that is, we will obtain the following main result.
Theorem 2.5. Let d > 1 be an integer, q = (q ij ) d×d be a d × d complex matrix which is rational. Let M be an irreducible bounded weight Der(C q )-module. Then there exist a finite dimensional irreducible gl dmodule V , a finite dimensional Γ-graded-irreducible gl N -module W , and α ∈ C d such that M is isomorphic to some irreducible sub-quotient of V α (V, W ).
Proof of Theorem 2.5
In this section we will prove Theorem 2.5. Let M be an irreducible bounded weight Der(C q )-module. The irreducibility of M implies that there is an α ∈ C d such that M = ⊕ n∈Z d M α+n , where
In [BF2] , in order to define the AW d -cover of M, they considered the the tensor product W d ⊗ M of the adjoint module and M. In our case, the module W d ⊗ M is still an AW d -module, unfortunately is no longer a ZD-module. Now we turn to the tensor product C ′ q ⊗ M of the Der(C q )-modules C ′ q and M, since C ′ q itself is a ZD-module. Lemma 3.1. The space C ′ q ⊗M is a ZD module if we define the action of Z(C q ) by
Proof. For any u ∈ C d , m, r ∈ Rad(f ), n, s ∈ Rad(f ) and w ∈ M, we have that
and
In the second equality, we have used the fact that σ(r, s) = σ(s, r) = 1. So the action of Der(C q ) and
Define the linear map
So π is a Der(C q )-module homomorphism. It is easy to see that C ′ q M is a submodule of M. Then the irreducibility of M implies that π is surjective.
Let J be the subspace of C ′ q ⊗ M spanned by the set
To show that J is a ZD-submodule, we only need to show that
From n∈I t n+r+r ′ v n = 0, we see that
we see that t s η ∈ J. So J is a ZD-submodule.
Since J ⊂ ker(π), π induces an epimorphism from M to M which is stilled denoted by π.
The next key step is to show that M is a bounded weight module. We will use the solenoidal Lie algebra (or called the centerless higher rank Virasoro algebra) as an auxiliary instrument.
Recall from [BF2] that a vector u ∈ C d is generic if (u|r) = 0 for any
e r = D(u, r) for r ∈ Rad(f ).
The subalgebra W u of Der(C q ) spanned by e r , r ∈ Rad(f ) is a solenoidal Lie algebra.
From now on, we fix a generic vector u ∈ C d . It is easy to see that the Lie bracket of W u is given by (3.2) [e r , e r ′ ] = (u | r ′ − r)e r+r ′ r, r ′ ∈ Rad(f ).
For r, h ∈ Rad(f ), l 0, we recall the differentiators in the universal enveloping algebra of Der(C q ):
These operators were introduced in [BF2] .
Lemma 3.5. Let M be an irreducible bounded Der(C q )-module. Then there exists an integer l > 1 such that for all r, h ∈ Rad(f ), the differentiator
with m − n ∈ Rad(f ). For an M(n), by Proposition 4.6 in [BF1] , there exists K ∈ N such that for all r, h ∈ Rad(f ) and l > K, the differentiator Ω (l,h) r annihilates M(n). Since the index of the subgroup Rad(f ) in Z d is finite, M is a sum of a finite number of M(n). Thus there exists a large enough l such that for all r, h ∈ Rad(f ), the differentiator Ω 
We introduce a norm on Rad(f ):
} is the Z-basis of Rad(f ) defined in (2.1). By Lemma 3.5, there exists an integer l > 1 such that the differentiator Ω (l,ξ i ) r annihilates M for all r ∈ Rad(f ), i ∈ {1, . . . , d}. Let S be the subspace of M spanned by ψ(t n+r , M λ−n−r ), n ∈ ∆, r ∈ Rad(f ) with r ld 2 , plus ψ(t n 0 +r 0 , M 0 ) if λ = n 0 + r 0 for some n 0 ∈ ∆, r 0 ∈ Rad(f ). Clearly S is finite dimensional. From [BF2] we know that each irreducible bounded weight W dmodule has a support of the form α+Rad(f ) for some α ∈ C d (possibly 0 may be removed from this coset). Since [Z d : Rad(f )] < ∞, then M has a composition series of ZD-submodules: 
